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ROOTS OF UNITY
AND THE ADAMS-NOVIKOV SPECTRAL SEQUENCE
FOR FORMAL 4A-MODULES

KEITH JOHNSON

ABSTRACT. The cohomology of a Hopf algebroid related to the Adams-Novikov
spectral sequence for formal 4-modules is studied in the special case in which 4
is the ring of integers in the field obtained by adjoining pth roots of unity to @, ,
the p-adic numbers. Information about these cohomology groups is used to give
new proofs of results about the E, term of the Adams spectral sequence based
on 2-local complex K-theory, and about the odd primary Kervaire invariant
elements in the usual Adams-Novikov spectral sequence.

One of the most powerful tools used in the computation of stable homotopy
groups is the Adams-Novikov spectral sequence. The E, term of this spectral
sequence is a certain Ext group derived from a universal formal group law.
In [R3] the corresponding Ext group for a universal formal 4-module, for
A the ring of algebraic integers in an algebraic number field, K, or its p-
adic completion, was introduced and certain conjectures about these groups
were formulated. One of these conjectures (concerning the value of Ext' ™)
was confirmed in [J] using a Hopf algebroid (i.e., a generalized Hopf algebra in
which the left and right units need not agree), E, T , which generalizes the Hopf
algebroid K K of stable cooperations for complex K-theory. The present paper
is concerned with the cohomology of E,T in the special case of 4 = me

where { is a pth root of unity and Zp denotes the p-adic integers. We will
show that in this case E,T is contained in an extension of Hopf algebroids

ETLETSET

and that the cohomology of E,T can be completely described. This provides
us with information about the cohomology of E,T via the Cartan-Eilenberg
spectral sequence associated to this extension.

Two applications of this result are presented. In the case p =2, E,T can be
identified with the 2-adic completion of the Hopf algebroid K*K(z) of stable
cooperations for 2-primary complex K-theory. In this case the cohomology
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of E:T can also be described, so that we can completely describe the Cartan-
Eilenberg spectral sequence (there are no nontrivial differentials for dimensional
reasons). We therefore obtain a new proof of the results in [R1, K], computing
H *(K*K(z)) .

A second application is the construction of nontrivial elements in the classical
Adams-Novikov spectral sequence based on BP , the Brown-Peterson spectrum,
which is a summand of MU, the spectrum representing complex cobordism.
In [R3] a map of Hopf algebroids

¥: VT =BP.BP - V,T

was described (here V,T is the Hopf algebroid generalizing V'T to the cate-
gory of formal A-modules, and is constructed using isomorphisms of A4-typical
formal 4-modules). Composing ¥ with the Conner-Floyd map

oV, T—-E,T
constructed in [J] and the map p, we have a map
VT —-E,T

from VT to a Hopf algebroid whose cohomology is known. We thus have a
tool for identifying nonzero elements of H™*VT, the E, term of the classi-
cal Adams-Novikov spectral sequence. We apply this to give a new proof of
Theorem 4 of [R1] concerning the odd primary Kervaire invariant elements.

1. AN EXTENSION CONTAINING FE AT

In this section, we recall the definition and some of the structure of E,T .
We describe the homogeneous components of E,T and construct two related
Hopf algebroids, C , and _C—n , with which we construct the extension described
in the introduction. We conclude by computing the cohomology of C, .

The ring 4 = ZP[C] is the ring of integers in the field K = @p[C] , which is
an extension of @p of degree p — 1. A has a unique prime ideal (7) whose
generator may be taken to be 7 = {—1, and the residue field of 4,1i.e., 4/(xn),

is Z/pZ. p is totally ramified in A4, with (n)"~' = (p).
Recall from [J] that the Hopf algebroid (E,, E,T) is defined by

E,=Alt, '],
EAT={fC—_K[u,u—l,v,v_l]lf(at,bt)eEA, ifa,beAd,a,b=1 (n)}

and that E,, E,T are graded with deg(s) = deg(u) = deg(v) =2(p — 1). The
structure maps for (E,, E,T) are:

n () =u, ng(t) =v,
yu)=u®l, yv)=1Qv,
c(u)=v, c(v)=u,
e(u)=t, e(v)=t
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If we denote the homogeneous component of E,T of degree 2-n-(p — 1) by
(E,T), then we obtain a Hopf algebroid (4, (E,T),). Let us also define

C,={feKlw,w ']|f(a)edif acd,a=1(n)}.

(4, C,) can be given the structure of a Hopf algebroid via the maps
ﬂL(1)=1, ”R(l)zwn,
yw)=wew, cw) =w™ ', ew)=1.

We may define a map C, — (E,T), by f+ u" - f(v/u) and it is straightfor-
ward to check that this defines an isomorphism of Hopf algebroids. Thus, in
particular we have ,
,2n:(p—1
HYE T)~H'(C).
We will do most of our computations using C, rather than E, T, and write C
in place of C, if the choice of right unit is not relevant.
Let us also write B = C N K[w]. We may define a sequence of polynomials
in B inductively by
q0=('w—1)/7t, q,'+1=(q,"1_q,‘)/n'
Also, let us denote
I A i
g (w)=4qy--4q,
if I=(iy,...,1i,) is a multi-index.

Lemma 1. The polynomials {q’l 0<ij<p, m= 0,1,2,...} form a basis
for B as an A-module.

Proof. This is Proposition 7 of [J] (note that these polynomials are denoted
there by f;).

Corollary 2. The polynomials {q;|i =0, 1, ...} generate C over Alw, w_l].

It will be useful for us to have a slightly different generating set for C avail-
able in addition to this one. Define inductively
N N 1 . N N
q0=(’w—1)/7l', qlz(wp_l)/an > q,'+1=(q,l"—q,‘)/7z

and ' ,

g =G i I=(ig,....0).
Lemma 3. The polynomials {cil|0 <i;<p,m= 0,1,2,...} form a basis for
B as an A-module.

Proof. Part of this lemma is, of course, that §,(w) € B. Since forany a€ 4,
a’ —a = O(n), it is sufficient for us to show that ¢,(w) € B. This, however,
follows from [J, Lemma 17].

To see that this set forms a basis, note that the (n + 1) x (n + 1) matrix

that expresses the polynomials cil with i jp’ < n as a linear combination of

the polynomials q’ is triangular, with diagonal entries equal to 1. Thus, it is
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invertible over 4, and so the polynomials (j’ span B . They are clearly linearly
independent.

Corollary 4. The polynomials {§,|i =0, 1, ...} generate C over Alw, w'].

Our interest in this second generating set is motivated by the fact, easily
proved by induction, that §;(w) for i > 1 is a polynomial in w?. If we

denote C = CNK[w”, w ] and B = C N K[w’], then we have

Corollary 5. The polynomials {ci’li0 =0,0< ij <p,m=1,2,...} forma
basis for B as an A-module.

Corollary 6. The polynomials {G|i=1,2, ...} generate C over Alw”,w™"].
A third algebra related to C and C is
C={feKlx,x Nf@edif a=1(x""")}.
We make (4, CA'n) into a Hopf algebroid by defining

n () =1, np(l)=x",

wx)=x®x, cx)=x ", e(x)=1.

We also define B=CnK [x].
The analogs of the polynomials ¢; and §; in this case are the polynomials

defined by

~ 1 ~ o ~

q, =(X—- l)/np+ s dig =(q,[‘}_q,')/n'
We also use the notation é' = cj{' q,’,q' if I =(,...,i,) . The analog of
Lemmas 1 and 3 is
Lemma 7. The polynomials {é1|0 <ij<p,m=1, 2,...} form a basis for B
as an A-module.
Proof. The map K[x] — K[x] defined by g(x) — g((x — 1)/7:”“) maps the
algebra of polynomials with the property that g(a) € 4 if a € A isomorphically
to B. Since it also maps the basis for this former algebra constructed in [J,
Proposition 7], onto the set {cil }, the latter must be a basis for B.

Corollary 8. The polynomials {g,|i =1, 2, ...} generate C over A[x, x_l].

The connection between C and the previous two Hopf algebras we have
considered is given by
Proposition 9. The map from C to C that sends x to w” is an injection of
Hopf algebroids whose image is C.
Proof. Since this map sends §; to ¢, , the result is clear.

We next describe the Hopf algebroid (E,, E,T), or rather we describe its
homogeneous, degree n-2.(p — 1) component, f". Let ?n denote the dual
of the group algebra of the cyclic group of order p:

C, = A[Z/pZ]" = Hom ,(A[Z/pZ], A).
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The structure maps for fn are, using 0 to denote a generator for Z/pZ,
w6 ®d) = f(6™),
n (@) =1, np(1)(6")=¢"",
c(N6) =167, &f)=r(1).
Let us~also define a map of Hopf algebroids p: (4, C,) — (4, fn) by p(f)(&i)
= f({).

The critical fact about p is

Lemma 10. p is a normal map of Hopf algebroids.

Proof. It is straightforward that p preserves the Hopf algebroid structure maps
and so defines a map of Hopf algebroids; the question is whether it is normal.
Referring to [R4, A1.1.10] we must verify that

Cn DE:I A = ADEI Cn
where O denotes the cotensor product and, for (4, I") a Hopf algebroid, I"
is the associated Hopf algebra, defined by
T’ =T/(ng(a) - n(a)la € 4).
In the case I' = C, , this becomes
ol { C, ifp|n,
" A if(p,n)=1.
To see this, note that if p|n, then
(ng(@) — 1,(@))(8") = a- (ng(1) = 1, (1))(8")

=a-((""-1)=a-(1-1)=0

while if (n, p) = 1, then the ideal generated by n(a) —n,(a) is
I={¢eC,kl¢(1)=0}.

Thus, the map f; =C,/I — A that sends ¢ to ¢(1) is an isomorphism.
Since C, 0,4 = A0, C, = C,, we may assume that p|n. The cotensor
product C, Oz A is defined to be the kernel of the map
Cn:Cn®A A_’Cn®A 6n®A A

which sends f to (1®p)(wf)®1-f®n,(1)®1. This kernel consists of those
elements f € C, for which

(1®p)(f(wew)) = fw)®1
in C,®, C,. These are precisely those elements f € C, of the form f(w) =

n

g(w”). Similarly, A0 C, consists of those [ € C, for which
(P ) (f(wew))=ng(l)® f(w)
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in Fn ® C,. Since ng(1) =1 in C, when p|n, we see that this also consists
of those f € C, of the form f(w) = g(w’).

If we define the sub-Hopf algebroid (A: , C,) of (4,C,) by
A=A40z 4, C,=40 C,0g 4,
then, following [R4, A1.1.15], we have
Corollary 11. (4, C:'n) (4, C,) 2 (4,C,) is an extension of Hopf alge-
broids. (The fact that i is an inclusion is [R4, Al1.1.14].)

For this to be useful we must describe (A: , ¢ .) - As noted in the proof of
[R4, Al1.1.14], we have

A: ={ac A|'7L(a) = ’7R(a) in En} >

C.={feClpe1®py’ f=n,1)® @)} .
and so

3 if (n s p) =1 )
(4,¢,) = . A
4,C,)=(4,C,,) ifnp.

The applications we have in mind for this extension involve the cohomology
of C,, which we approach via that of C, and ?n . We conclude this section,
therefore, by recalling the cohomology of a,. Let us define two homomor-
phisms §,7:C, — C, by

p—1 )
S(f)(x)=f(6x) - f(x) and T(f)x)=)_ f(d'x).
=0

A straightforward computation yields
Lemma 12, 0 —» A~ C, . C 1. C, 2. ... is an injective resolution of
A considered as a left C, comodule.

Corollary 13. The cohomology of fn is given by

5 — A/mA, s odd,
H(Cn)z{
0, s even,
if (n,p)=1, and by
A, s=0,
H(C,)=1{ A/pA, s>0, s even,
0, s odd,

if pin.
Proof. Applying the functor A0, () to the resolution of A4 and using the
identification A0, C, = A gives the complexes

0

n n_
A =1 42 =1 0

AL

A
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if (n,p)=1, and

if pln.

2. APPLICATIONS

2.1. The cohomology of K, K ,, . If the prime p is chosen to be 2, then 4 = z,
and C, can be described as

C,={feQlu,w 'lf(a)eZ,if a=1(2)}.

The description of K, K given in [AHS]

1

K K ={f€Q[u, u o, v_l]lf(at, btyezft,t ,1/a, 1/b]

ifa,beZ,a,b#0}
shows that C, can be identified with (K‘K(z))n so that the E, term of the
Adams spectral sequence based on 2-local complex K-theory has as its comple-
tion R
E;"=H'(C,) =Ext; (Z,,Z,).
The Cartan-Eilenberg spectral sequence, [R~4, A1.3.14], allows us to describe
these groups in terms of the cohomology of C, and fn :

Proposition 14. There is a spectral sequence converging to Exty. (Z,, Z,) whose
E, term is Ey' = Exts (Z,, Extg (Z,, Z,)).

Since Ext% (22, Zz) is described at the end of §1, we turn to describing
Ext'g (Z2 , ). The key to this description is the following injective resolution,
which is the analog at the prime 2 of a resolution constructed for odd primes
in [B, §7].

Lemma 15. The sequence

= D, = P, =
n Cn QZ —0

0_)22&_,

defined by p,(f) = f(Ow)— f(w) and p,(3_ aiwi) = a, Is an injective resolution
of Z,.
(The left f‘n comodule structure of Zz and @2 is that defined by n, .)
(The factor 9 = 2> 4+ 1 occurs here because it is a generator of

(1+2°Z,)/(1+2"Z,)
for n>4))

Proof. If pl(Zaiwi) = Ziai(9i —1)-w' =0 then a; =0 for i # 0 and the
integrality condition for C, shows that g, € iz . Thus, ker(p,) = Im(p,).



722 KEITH JOHNSON

k ~
The fact that the polynomials (w2 - l)/ZkJr3 are in C, shows that p, is
surjective.
It remains to verify that ker(p,) = Im(p,). Suppose that

f= Zaiwi € ker(p,).

i#0

For any a € @2 , the polynomial

is mapped to f by p,. The question is whether a can be chosen so that g €
én. Choose a so that g(1) =0. Since p,(g) = g(w) — g(w) € Cn it follows
by induction on k that g(9k)_e A for any k, and this is enough to imply g €
f’n . To see this, first note that there exists m such that 2" . g € Zz[w ,w '],
and such that if a, b € Z,, then g(b) € Z,. However, (1 +2°Z,)/(1 +2"Z,)
is cyclic, generated by 9. Thus, if a € 1 +23Z7_ ,then a = 9 mod 2™ for some
k and so g(a) € Z,.

Corollary 16.
(a)

Z,, s=0,
Extsg"(iz, Z,) =14 Q,/Z,, s=2,
0, otherwise;

(b) for n #0

Extsg (ZZ, 22) =

n

2/2°"z, s=1,
0, otherwise;

(c)
Z/2Z, s=0,1,

Extx (Z,, Z/2Z ={
C,.( 2> 2/22) 0, otherwise.

Here d(n) is the largest integer such that 27" divides 2° - n.
Proof. Extz (22, 22) is the cohomology of the complex

2,0z C, 2,0 C, 2,05 @, ~ 0

If n =0 this complex is

and, if n#0
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These account for (a) and (b), since the highest power of 2 dividing 9" — 1 is
24" For (c), we are interested in the cohomology of
2,0, C,®, 2/22—~12,0; C,®, Z/22 - Z,0; ®, Z/2Z— 0.
This complex is, for any #,

2/22 % 2/27 — 0.

Combining these results with Proposition 14 and Corollary 13, we obtain

Corollary 17. The E, term of the spectral sequence of Proposition 14 is

~

z,, if(s,1)=(0,0), n=0,
Q,/Z,, if(s,1)=(2,0), n=0,
Ey'={7/2""z, if(s,)=(1,0), n=2m=0,
7)2Z., if(s,1)=(0,2t), n=2m, or (1, 2¢),
0, otherwise .
Corollary 18.
Z(z): lf(S t)=(0’ 0),
222 Z/2Z, if(s,t)=(2,0),
Extyl, (7K, mK) =4 222, if(s,0=(1,2m) #(1,0),
z/27., if(s,0)=(s,20)#(2,0), s>2,
0, otherwise.

2.2. The odd primary Kervaire invariant elements. The Hopf algebroid (V,, V,T)
is constructed using isomorphisms of A4-typical formal A-modules. If 4 = Z(p) ,
then one obtains (V, VT) = (BP,, BP,BP), the Hopf algebroid of Brown-
Peterson homology. If 4 isa Z(p) algebra as in the case 4 = ZP[C ] with which
we are concerned, then a formal 4-module is also a formal Z( 2 module. Thus,
we obtain, as in [R3, 3.11], as map of Hopf algebroids

Y. (v,vr) - v,,V,T).
Composing this with the generalized Conner-Floyd map
®:(V,,V,T)—(E,, E,T)
of [J] and with p: (E,, E,T) — (E,, E,T) we obtain a map
x:(V,VT)—(E,, E,T)
and so a map in cohomology
x'tH'VT - H(E,T).

We will show that a family of interesting elements in H™ V' T, the odd primary
Kervaire invariant elements, have nonzero image under this map.
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Recall that (¥, V'T) has the description
V=2,v,v,,...1, VI =V, t,..1

and that V', V'T are graded with deg(v,) = deg(¢;) = 2(pi — 1). The elements

i+1
hy, b€ H L20=Dy Ty, H2¥P~DP" (1 T) | respectively, are represented in the
cobar complex of VT by h; = [t ] and

Z (p”‘)[z Y AN)

Our result is

Proposition 19. All monomials in hy, b;, i=0,1,2, ..., have nonzero image
in H*(E ,T) under x".
Proof. 1t is straightforward to describe the map of cobar complexes induced by
x - We also need, however, a method of identifying cohomologically nontrivial
elements in the cobar complex of E,T or fn . For this we define a chain map
from the cobar complex of fn to the complex described in §1, Lemma 12.
Recall from [R4, A1.2.11] that the cobar resolution of 4 as a fn comodule
has as its sth term ?n ® (ker(¢))® and that the differential is given by

s
s+1

dp® - ®7) =) (-1)’5® @) ® @7+ (-1 3 & ®7.
i=0
If we identify elements of

C, ® (ker(e)® c T =

= Hom ,(4[Z/pZ], A)®

s+1

with multilinear maps from A[Z/pZ] " to A, then the differential becomes

N

df (wy, ..., w,,,) = Z(—l)if(wo, W W e, W)

i=0
+ (=1 f(wy, . w,).

Using this identification we define a chain map, R, from the cobar resolution
of A4 over C, to the resolution described in Lemma 12.

flw,¢) ifs=1,
RUAw) =3 S0 L fw,¢h, ¢, ¢, 0,  sodd,

[ N
S fw L L ), s even.
Applying A0 () we obtam a map from the cobar complex of ? to the
complex of Corollary 13. We denote this map by R as well. It is given by
[0, s=1,
R()={ TSE", ¢80, ...,0),  sodd,
SSAEh, L, ), s even.
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Under the composition ® o ¥, the elements 4, and b, are mapped to

1(.1>< ) ( >i| |

in the cobar complex of C, . Under the composition Ro p, these are mapped

to 1 ard
l 1 CJ B 1 pi+| Cl B l pi+l
() () )

respectively. We denote the latter element of 4 by k;. This series of maps
will send the monomial hgb;'-- b to k;'---k,. Showing that k, # 0 mod =
will, therefore, complete the proof of Proposition 19.

17
p

i

i+!

lp—l Ci_l+1 4 _ Ci_l Pm_l
P n n

j=1 k=1
p—1p-—1 j-1\ *
= -1- Z (i) (y_) mod
P n
15 (p) &
=-> j° modn
P k
(=30
=_Z j=— modr
P k j=1 -1
=-1 modnrn.

In these congruences, we have used the fact that (”:‘) is divisible by p’
unless k is divisible by p’, that (‘,’;l ) = () mod p, that since { =n + 1,
((¢' =1)/r) = i mod 7, and, finally, that Ef 11 j*=0modp if k<p—-1 and

that Ef 1’ F'=—1modp.
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